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Drag friction that acts on a disk in a two-dimensional granular medium is studied at high packing
fractions. We concentrate on a high-velocity region, in which the dynamic component of the force, obtained
as an average of a strongly fluctuating force, clearly scales with velocity squared. We find that the total
force composed of dynamic and static components, as well as its fluctuation, diverges with practically the
same exponent as the packing fraction approaches the jamming point. To explain the critical behavior, we
propose a simple theory equipped with a diverging length scale, which agrees well with the data and
elucidates physical pictures for the divergence.
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A unified understanding of the phase transitions in
disordered media, such as granular materials, colloids,
foams, emulsions, and glassy liquids, has been one of the
central issues in physics since the jamming phase diagram
was proposed [1]. The jamming transition was found to
occur at zero temperature and zero applied stress when
particles get stuck in a fixed configuration to have a yield
stress as the packing fraction of particles approaches a
critical valueϕJ [2,3]. Among studies to explore this idea for
dynamic systems [4–6], the response to applied shear rate
has been studied near the jamming point both theoretically
and experimentally since the seminal work on the rheology
[7]. Recent experiments on soft colloids [8,9] have dem-
onstrated good agreements with a phenomenological theory
[10]. Compared with soft colloids, granular materials are
much less viscous: granular materials may be in a different
universal class of the dynamic jamming transition. Indeed,
simulations with small dissipations as well as a scaling
phenomenology of granular systems have demonstrated
critical behaviors different from those of soft colloids
[11–13]. One promising experimental approach to the
granular rheology near the jamming point is to study the
drag force acting on an obstacle immersed in granularmedia.
At high velocities (≳100 mm=s) and high densities, several
groups have independently confirmed a force component
scaling with velocity squared through impact experiments
[14–16], while many studies on the drag force have been
performed and different velocity dependences have been
reported in particular at much slower velocities [17–25].
To date, however, no experiments on the drag force near

the jamming point are available in the high-velocity region.
Some of the reasons are as follows. (1) It is impossible to
change the packing fraction in the impact experiments.
(2) Most of the drag experiments at high densities reporting
different force laws at much slower velocities are techni-
cally difficult to perform at high velocities.
Recently, however, the present authors proposed an

experimental system that allows high-velocity drags under

no influence of gravity. This system was shown to exhibit
velocity-squared scaling in a high-velocity region, at a
volume fraction below the jamming point [26].
Here, by using this system, we study the drag force

acting on a disk embedded in a two-dimensional granular
medium, to experimentally access the rheology in the high-
velocity region near the jamming point. We change the
packing fraction to find the divergences of the averaged
force and fluctuation of the force towards the jamming
point. This is in contrast with the case of soft colloids in
which the stress is finite at the jamming point. In addition, a
simple theory based on collective collision and on a length
scale diverging towards the jamming point explains well
the experimental data.
Experimental setup.—As illustrated in Fig. 1(a), a metal

disk of diameter 2R ¼ 22 mm and of thickness d ¼ 2 mm
is embedded in a single layer of a granular medium,
consisting of spherical alumina beads of average diameter
around d (the mean and the standard deviation are 2.09 and
0.088 mm). This disk-granular system is contained in a
horizontal closed cell (the width and length are 140 and

100mm/s

Cell

Force gauge
Slider

Nonextensible thread

(a)

fixed to the desk
connected to the gauge

mounted on the slider

Particles

Disk

(b) 76% (c) 81%

100mm/s

FIG. 1. (a) A disk, embedded in a horizontal granular layer, is
contained in a closed cell. The drag force acting on the disk is
measured by the force gauge while the cell moves at a constant
speed. (b),(c) Magnified images around the disk of diameter
22 mm during the drag at the indicated velocity and packing
fractions. See also the Supplemental Material [27].
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570 mm) made of acrylic plates. The cell thickness is
slightly larger than the largest diameter of the weakly
polydispersed particles. The disk with a hole in the center is
tied to a horizontal “thread” (polyethylene braided fishing
line, which is thin, easy to bend, strong, and nonextensible).
Through this thread the disk is connected to a force gauge
placed outside of the cell (through a hole at the side of the
cell). The friction and packing disturbance originating from
the thread is completely negligible. The cell is mounted on
a slider, which moves the cell at constant speeds in the
direction opposite to the force gauge: the frictional force
acting on the disk during the drag of the cell is measured
while the disk is fixed by the thread. The surface of the
beads is smoothed out so that the friction coefficient may be
very low. See Ref. [26] for further details of the setup.
Some advantages of this system are as follows. The top

cover of the cell allows high-velocity drag and the use of
the spherical particles (not cylinders) makes their friction
with cell walls negligible. Unlike the impact experiments,
the present system allows us to obtain the friction force
under no influence of gravity at constant speeds and to
change the packing fraction.
Fluctuating drag force and the averaged behaviors.—In

Fig. 2(a), typical examples of the drag force as a function of
time are shown. Although the forces f fluctuate signifi-
cantly, the average F is well defined, as indicated in
Fig. 2(b) with error bars, and also in Fig. 2(c) where F
as a function of V is on a smooth curve for all the volume
fractions we studied. In fact, the behavior of the average
force F is expressed in the form

F ¼ F0ðϕÞ þ αðϕÞV2; (1)

as clearly confirmed in Fig. 2(d), in the range of the
packing fraction we studied. Here, F0ðϕÞ is the static limit
obtained from the high-velocity regime [Eq. (1) for
V < 100 mm=s has yet to be confirmed]. In impact experi-
ments, a similar velocity independent Coulombic friction
force has been observed [14–16]. The dynamic force
component, F − F0ðϕÞ, scaling with V2, will be called
the velocity-squared force in what follows.
Critical behaviors of the velocity-squared force.—In

Fig. 2(d), the slope αðϕÞ of the straight lines, which
characterizes the velocity-squared scaling, increases with
the packing fraction. To quantify this, ðF − F0Þ=V2,
evaluated at different ϕ and V, from the data given in
Fig. 2(d) (at the highest three V’s dominating the velocity-
squared scaling), is plotted as a function of ϕ in Fig. 3(a), in
which the data tend to diverge towards a critical value. This
divergence can be numerically fitted by the following
scaling factor ðϕc − ϕÞβ, giving ϕc ¼ 0.841� 0.002 and
β ¼ −0.498� 0.05. We have also confirmed that when the
slopes of the straight lines in Fig. 2(d) are plotted as a
function of ϕ the slopes αðϕÞ also diverge in the same form
with ϕc ¼ 0.841� 0.003 and β ¼ −0.493� 0.100.

Because the two independent analyses on ϕc result in
the same value ϕ�

c ¼ 0.841 we define Δϕ� ¼ ϕ�
c − ϕ and

show ðF − F0Þ=V2 as a function ofΔϕ� in the log-log scale
in the inset of Fig. 3(a). As seen here, the data are well on
the line with the slope −1=2, which is consistent with two
values of β obtained above. These results are summarized
as follows. (1) ϕc obtained from the data is indistinguish-
able from the jamming fraction ϕJ (∼0.84) reported in the
literature for two-dimensional frictionless systems. (2) If
the exponent β is a simple rational number, like most of the
exponents found for the jamming transition, the data clearly
show β ¼ −1=2.
Theoretical interpretation.—The velocity-squared force

F − F0 can be theoretically described as follows. We first
introduce a characteristic length scale near the jamming
point. Imagine that we insert a slim cylinder of height d at a
certain free space between particles in the granular medium
consisting of particles with diameter d at the packing
fraction ϕ, and that we gradually enlarge the radius of the
cylinder to grow the cylinder to a disk of radius Rð≫dÞ.
Then, particles near the disk within a distance l should
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FIG. 2 (color online). (a) The drag force f vs time at packing
fractions ϕ ¼ 0.760, 0.810, and 0.833, selected to avoid overlaps
at the drag velocity V ¼ 300 mm=s. After an initial transient
region there appears a “plateau" region as indicated by the
horizontal lines. (b) The averaged force F vs V for the three ϕ’s. F
and the error bars (standard deviation) both increase with ϕ. (c) F
vs V without error bars (to avoid overlaps) at various ϕ. (d) F vs
V2 for various ϕ. The data at a given ϕ are on a straight line.
(e) The renormalized force F=F0 − 1 vs the renormalized
velocity V=V0, collapsed onto a single master curve, as predicted
by the proposed theory. (f ) F=ðΔϕ�Þ−1=2 vs V, where the data in
(c) collapse well.
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cooperate to move in order to make room while remote
particles may not even notice the expansion. This length
scale lmay be estimated by R2d ∼ ðϕc − ϕÞl2d because the
“extra space” available within the volume ∼l2d may match
the volume of the disk. This length scale diverges towards
the critical point as l ∼ Rðϕc − ϕÞ−1=2 because no extra
space is available for the disk at the critical point. This static
length scale characterizes a jammed region around the disk
and may also characterize the collective region around the
disk affected when the disk moves (in the cell frame) in the
granular medium at the fraction ϕ: the length scale lmay be
velocity independent.
We next consider that the dynamic component of the

drag force F − F0 results from the momentum change per
time. The momentum change may be brought about by
collisions of the disk with particles while the disk feels the
collective region around it. This is because strong force
chains may be developed within the region. Then, the
frequency of the collision may be given as ∼RVϕc=d2,
which just counts the number of particles in the area
covered per time by the disk (ϕ in the collective region
should be close to ϕc). The momentum transfer per each
collision is estimated as the mass of the collective region,
scaling as ρRldϕc with ρ the density of particles, multiplied

by the velocity change; we assume here the collective
region is characterized by l in the moving direction and by
R in the perpendicular direction; each time the disk feels a
collision, the disk may collide with not a single particle but
a cluster of particles moving at the velocity V that is
suddenly stopped by the collision to form a new cluster.
Then, the velocity change scales as V itself (by contrast, in
the previous theories based on collision or hydrodynamic
inertia [16], collision with a single particle is assumed). As
a result, we obtain

F − F0 ∼ ρR2lϕ2
cV2=d: (2)

The dimensionless expression is written as F=F0 − 1 ∼
V2=V2

0 with 1=V2
0 ∼ ρR2ϕ2

cl=F0d. This prediction is
convincingly confirmed in Fig. 2(e) for ϕc ¼ ϕ�

c.
The static force F0 independent of velocity is not

collisional. This is because, as seen above, the momentum
change per time scales with velocity squared and this
scaling is not observed for the total force F but is observed
for the dynamic part F − F0. In fact, F0 may be interpreted
as a static frictional force as discussed below.
Other critical behaviors.—The critical behavior of the

“static force" F0, is also examined in Fig. 3(b), where we
surprisingly find practically the same critical behavior: we
obtain ϕc ¼ 0.841� 0.002 and β ¼ −0.496� 0.076 by
numerical fitting, and, if the plot is given as a function of
Δϕ� defined above, as in the inset of Fig. 3(b), the data are
well on the slope −1=2.
This critical behavior of F0 supports the physical

interpretation that F0 is regarded as a static friction force,
similarly as in impact experiments [14–16]. F0 diverges
towards ϕ�

c in the same way with F − F0; i.e., F0 scales
with l. This is consistent with the view that a velocity-
independent friction (per area) is acting at the boundary of
the collective region, since the perimeter of the cluster
scales as l near the critical point, where l has been
introduced as a velocity independent scale.
Because both the static and dynamic parts scale with

l ∼ Rðϕ�
c − ϕÞβ, we expect the total force F also scales with

ðϕ�
c − ϕÞβ with β ¼ −1=2, which is well confirmed in

Fig. 2(f) by using all the data in Fig. 2(c). Furthermore, the
fluctuation (error bars) of F also seems to diverge with the
same exponent. This tendency, seen also in Fig. 2(b), is
quantified in Fig. 3(c) where the standard deviation σ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hðF − hFiÞ2i
p

is plotted for ϕ: the numerical fitting of the
data at V ¼ 500 mm=s, for example, gives nearly the same
value as before, ϕc ¼ 0.841� 0.002 for β ¼ −1=2,
although the sampling number is not so large as in the
above three cases providing similar ϕc’s. Then, σ=hFi is
expected to be independent of the packing fraction ϕ,
which we have checked: σ=hFi is about 0.24 practically
independent of ϕ.
We have checked that the probability distribution func-

tion of F near jamming is practically symmetric and fitted
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by a normal distribution. This is different from the
asymmetric and/or exponential distributions typically
found in dense granular systems [2,28–30], as in a recent
experiment [14], but this may be because of the limited time
resolution of the present study.
Discussions.—A characteristic velocity Vc for the high-

velocity region is defined by comparing characteristic
pressures for the static and dynamic components. The
friction force F0 is characterized by the friction coefficient
μ and the characteristic stress pc as F0 ∼ μpcld. Comparing
the pressure μpc [∼1 × 105 Pa as seen in Fig. 2(f)] with the
dynamic pressure ðF − F0Þ=ld ∼ ρR2ϕ2

cV2=d2, we obtain
Vc ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffi

μpc=ρ
p

d=ðRϕcÞ ∼ 100 mm=s, which is consistent
with the empirical criterion given above. In fact, this Vc is a
simplified form of V0 expressed only in terms of non-
diverging quantities. Indeed, V=V0 is larger than 1 at the
level of scaling laws as seen in Fig. 2(e).
While we obtained the diverging length scale with the

exponent −1=2, various growing length scales have been
discussed for granular systems near jamming [31], which
include lengths associated with (1) the jamming threshold
distribution [3,22], (2) dynamic heterogeneities [32] (in
colloids, see Ref. [33]), (3) vibrational modes [34], and
(4) the excess contact number [11,35–38]. Although the
exponents for (3) and (4) are similar to the present one, they
are found (not below but) above the jamming point. In
simulations and theories for the granular rheology [11–13],
(not the drag force but) the shear stress was predicted to
diverge much more strongly, with the exponent −4, where
the critical packing fraction is dependent on the friction
coefficient of particles [39]. Note that the coefficient of our
particles may be very small.
We here compare the present model with the previous

model developed in Ref. [26], to clarify our progress in
understanding the experiment. Both models share the view
that, unlike the conventional explanation of the velocity-
squared term, the obstacle collides with not a single particle
but a collection of particles. A significant difference is that
the size of the cluster is now regarded as dependent on the
packing fraction and diverges towards the jamming tran-
sition point, which was not noticed in the previous work.
Another difference is that, in the present model, we regard
the drag force as the momentum change per time of the
cluster, rather than that of the obstacle. In addition, the
static force F0 is now successfully interpreted as a frictional
force at the perimeter of the cluster, while no physical
interpretation was available in Ref. [26].
Conclusions.—In this Letter, we find that a granular drag

friction force acting on a disk obstacle at high velocities
near the jamming point fluctuates considerably but the
average can be well described by the static and dynamic
components. The former component is velocity indepen-
dent while the latter exhibits the velocity-squared scaling.
Both components, together with the fluctuations of the drag
force around the mean, are found to diverge towards the

jamming packing fraction with the exponent −1=2. We can
explain this exponent by a simple theory based on a
collective region around the disk whose size diverges
towards the jamming point. This theory suggests that the
static force may be interpreted as a velocity-independent
friction force at the boundary of the collective region.
The results obtained here may be applicable to other

systems, such as hard colloids (unlike the soft systems in
Refs. [8,9]). Our view on the shear-induced jamming
region would be useful for understanding the mechanically
activated process in granular flows [4], reduction of
silo clogging [40], and connection to other collisional
approaches [41]. The present phenomenon suggesting an
increase of viscosity and yield stress below the jamming
point at finite temperatures may be important also in the
context of glass transitions [42] and hydrodynamic theories
with the granular temperature [43]. The simple scenario for
how a crowded region dynamically develops in a particle
system far from equilibrium may be appropriate in active
matter, for which jamming transitions [44–47], dynamic
heterogeneities [48] and dynamic arrest [49,50] have
recently been discussed. Our results strongly suggest the
need for a unified theory for dynamic jamming in the
rheology of colloids and granular materials and for an
understanding of its connection to glass transitions.
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